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ABSTRACT — In our paper we discuss the stability of the equilibrium position for a quarter
automotive with nonlinear quadratic suspension. For the stable positions of equilibrium we
also obtain the approximations of the small oscillations. The theory is applied to a realistic
numerical example.

1. INTRODUCTION

Usually, the suspension of a quarter of automobile is represented by two masses linked one to
another by a linear spring, one mass being connected to the ground by another nonlinear
spring. The two masses represent the wheel and the corresponding part of the entire
automobile [1, 2, 3, 4]. There are only a few approaches, which deal with nonlinear
suspensions [5, 6, 7]. Some papers deal with time delay feedback [8] or magnetorheological
dampers [9]. In our paper we consider that the wheel can be simulated by a mass and a
nonlinear quadratic spring.

2. MODEL OF SUSPENSION

The model considered in this paper is captured in Fig. 1. The elastic force in the spring 1 is
considered to be given by

F=kz+¢gz?%, (1)
where Z is its elongation.

Isolating the two masses, one obtains the differential equations of motion
mX, = kz(xz - Xl)_ kX, —eX’ —mg, mX, = _kz(xz - Xl)_ m,g. (2)

With the notations
X =&, % =&, % =&, X, =&, 3)

the system (2) is brought to a system of four nonlinear differential equations of first order

&1 = é’;3, éz =&,, éa = mL[kz(E»z _gl)_ kl&l _81&12 - mlg]’
o @
é’;4 = __[kz(é,;z - {31)"' ng]-

m,
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Fig. 1. A quarter—car model.

3. EQUILIBRIUM POSITIONS

The equilibrium positions are obtained at the intersections of the nullclines; hence, the
following system is deduced

& =0.8 =0, k(& —&)-k& —2& —mg =0, k(& - §)+m,g =0.
Subtracting the last two equations, one gets
& + k& +(m +m,)g=0.
Making now §, — —§,, one obtains
g2 —k& +(m +m,)g=0.
Analyzing the last two equations and applying the Descartes theorem, the following

statements hold true:
—1if g, > 0, then the equation (6) has zero or two negative roots;

—1if g, < 0, then the equation (6) has one positive root and one negative root.
Denoting by A the discriminate of the equation (6),
A=k —4g(m +m,)g,

We can say:
2

—if 0 < g, < —————, then the system has two equilibrium position given by

4(m, +m,)g
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= -k —+A = —k++JA - =
&1:1—<03§:1—<09§1<&1; )
2¢g, 2¢g,
k2
—if g, = —————, then the system has only one equilibrium position (the
4(m, +m, )g
equation (6) has a double negative root) given by
_ = k1 .
& =& = 2, (10)

—1if g, < 0, then the system has two equilibrium position given by

= _—k1+\/X

<0,:=
& - G

g <& 1)

_k1+\/K>O
2¢, ’

—if g, = 0, then the equation (6) becomes a linear one with the solution

gz_@L%ﬁE<o. (12)

From the last expression (5) we get the value &, at the equilibrium.

4. STABILITY OF THE EQUILIBRIA

The Jacobi matrix for the system (4) reads

0 010
[J]— 0 001 (13)
j31 j32 0 0 ’
j41 j42 00
where
-k, ko288 .k, .k, .k
Ja = m  m m, > i = m, > Ju = m. > Jp = m, . (14)
The characteristic equation
det(d —Al)=0 (15)

where | is the four order unity matrix, takes the form
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0O -2 0 1
) =0
by Jo =20
Jo Jp 0 =4
where from
— )2
131 - 132 ) — O,
Ja Jyp — A
that is

A — (j31 + j42)7”2 + Iyl = dadyn =0,
which is a bi—square algebraic equation.

The discriminate of this equation is

A= (j31 + j42)2 - 4(j3lj42 - j41j3z) = (j31 - j42)2 + 4j41j32-

The equation (18) has all the roots pure, distinct, imaginary if and only if
A>0, j31 + j42 <0, j31j42 o j41j32 > 0.

Keeping into account the relations (14), we get

j31 j42 - j41 j32

hence, the conditions (20) become
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k, +2¢&, >0, (27)
where &, is given by one of the expressions (9), (10), (11) or (12).

If €, = 0, then the conditions (25), (26) and (27) are fulfilled and it results that in the linear
case the equilibrium is simply stable.

Let us observe that the condition (25) is always true.

2
If g = K and &, is given by the expression (10), then the conditions (26) and
4(m; +m, )g
(27)lead to
E2—+5—>0, (28)
ml ml
0>0, (29)

and, because the relation (29) is false, it results that the equilibrium is unstable.

If g < 0, then, considering the root & < 0 (given by (11)), we observe that the conditions
(26) and (27) hold true and it results that this equilibrium position is simply stable. For the

root z from (11), the condition (27) leads to

~JA >0, (30)

which is false, i.e. the corresponding equilibrium position is unstable.

2 —
If0<eg < K and &, is given by &, in (9), then the condition (27) leads to the
4(m; +m,)g

same relation (30), hence the equilibrium is unstable. For Z the condition (27) is true and the
condition (26) offers

£+ﬁ+£>0, 31
ml ml ml

an obviously true relation, hence the equilibrium is simply stable
5. SMALL OSCILLATIONS AROUND THE STABLE EQUILIBRIUM POSITIONS

Let us return to the system (4) and let us give sufficiently small in norm perturbations to the
parameters &;,1.e. § > & + C;, 1 = 1,4. One thus obtains the system in deviations
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él = C3a C.;z =Gy, é3 = mL[kz(Cz - Cl)_ lel +28,C, + é,512]’ é4 = _%(Cz _Cl)

1 2

or, by linearization,

: : A .k k
G = C3’ G, = Cu Cs - E[_ (kz + kl - 2&1)@1 + k2C2]a Gy = m—ZCI _m_zzcz.
Denoting now
a, = o2 » 8y = s > &y s , Ay, % s
m, ) X ,

we get the system

él + anCl + alzCz =0, éz + az1§1 + azzgz =0.

From the first relation (35) one has

__L . .. __L (iv) ..
= Girag) b= rak).

12 12

und, replacing in the second relation (35), one obtains
(W4 (a, +a,), +(a, +a, —a,a,);, =0.
Denoting now
A=(a,-a,)+4a,a, >0

the eigenpulsations are given by

p, = \/|(a11 + azz)+ ﬂ% ., p, = \/%(an + azz)_\/z|_

2 B 2

6. NUMERICAL APPLICATION

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

Let us consider the values m, = 50kg, m, = 250kg, k, = 160000 N/m, k, = 16000 N/m,

g =2-10°N/m?, g = 9.8065m/s”.

Let us observe that
2

0<e K _ 21754106,
4(m, +m,)g
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and the equilibrium positions are

€ =-00514m, & =—-0.0286m
first being unstable and the second simply stable.
Moreover, the parameters given by (34) are (for E)
a,, =3.52-10°, a, = 320, a,, = —64, a,, = 64,
A has the value
A =12025856

and the eigenpulsations are

p, = 5937957, p, = 7.622s°".

(41)

(42)

(43)

(44)

The numerical simulation was performed for the initial data &50) =—-0.03m, Z;(zo) =—-0.19m,

g =0 m/s, &Y =0 m/s and it is captured in Fig. 2.
The reader can observe the good agreement between the numerical results and the theory.
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Fig.2. The results of the numerical simulation; X, = x,(t) for 0 <t < 5s, x, = X,(t) for

0<t<5s, X =X%(x)0<t<2s
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7. CONCLUSIONS

In our paper we presented a nonlinear model for a quarter—car. We treated all the equilibrium
positions and we discussed their stability in the most general case. The theory is confirmed by
the numerical simulations.

REFERENCES

(1) Salem, M., M., M., Aly, A., A., “Fuzzy Control of a Quarter-Car Suspension System”,
World Academy of Science, Engineering and Technology, 53, pag. 258-263, 2009.

(2) Changizi, N., Rouhani, M., “Comparing PID and Fuzzy Logic Control a Quarter-Car
Suspension System”, The Journal of Mathematics and Computer Science, vol. 2, no. 3,
pag. 559-564, 2011.

3) Rajamani, R., “Vehicle Dynamics and Control”, Birkh&user, 2006.

4) Blundell, M., Harty, M., “Multibody Systems Approach to Vehicle Dynamics”,
Elsevier, 2004.

(5) Stanescu, N.-D., “Mechanical Systems with Neo-Hookean Elements”, LAP,
Saarbriicken, 2011.

(6) Stanescu, N.-D., Munteanu, L., Chiroiu, V., Pandrea, N., “Sisteme Dinamice. Teorie si
Aplicatii”, vol. 1, Editura Academiei Roméane, Bucuresti, 2007.

(7) Stanescu, N.-D., Munteanu, L., Chiroiu, V., Pandrea, N., “Sisteme Dinamice. Teorie si
Aplicatii”, vol. 2, Editura Academiei Romane, Bucuresti, 2011.

(8) Naik, R., D., Singru, P., M., “Resonance, Stability and Chaotic Vibrations of a
Quarter-Car Vehicle Model with Time Delay Feedback”, Communications in
Nonlinear Science and Numerical Simulation, vol. 16, issue 8, pag. 3397-3410, 2011.

9) Potter, J., N., Neild, S., A., Wagg, D., J., “Quasi-Active Suspension Design Using

Magnetorheological Dampers”, Journal of Sound and Vibration, vol. 330, issue 10,
pag. 2201-2219, 2011.

122



