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ABSTRACT

In this paper, we deal with the problem of jointimt@nance and production under a

withdrawal right constraints. The manufacturing teys consists of a machine M that
produces a single product in order to satisfy adam demand d under given service level
constraint.

We first establish an optimal production plan whighnimizes the total inventory and

production cost taking into consideration the withdal right constraints. Secondly, using

this optimal production plan we derive an optimahimenance plan which minimizes the
total maintenance cost. Finally, a numerical exaengd studied in order to apply the

developed approach.

KEYWORDS
Random demand, service level, stochastic modehdvaival right, maintenance strategy,
production policy

INTRODUCTION

An integrated approach of maintenance and produgiddicies has recently become an important
research area. In deed the development of an dgimduction/maintenance plan which minimizes
the total cost including production, inventory andintenance is among the important actions of a
hierarchical decision manufacture process. Sutiely,ijs complex to solve since the various

uncertainties; the knowing of the random demandutiom by period, the material availability and
Failures rate variation. On the other hand, maartea becomes even more significant with the
production control policies implementation like BusTime, which require the availability of
machines at the right time. In this context, Abdeinet al. [1], and Chan et al. [3] proposed a
simulation model to evaluate the performance afoapction line operating in push system. Rezg and
Al. [7] presented a common optimization of the gmtwe maintenance and stock control in a
production line made up & machines. In the same context of integrating reaismice and
production Rezg and al.[8] presented a mathematicdkel and a numerical procedure which allows
determining a joint optimal inventory control angeebased preventive maintenance policy for a
randomly failing production system. New maintendpamluction strategies by taking into account
the context of subcontractor are studied by Dell&get al. [4]. They developed and optimize a new
maintenance policy with taking into account a maetsubcontractor constraint and they studied the
case of several subcontractor machines and dewkpeptimal switching strategy between the
subcontractor machines.
In the traditional approach, which dissociates tesiance and production, the demand is assumed
known, constant and within an infinite horizon. \kéees in our study, the demand is random on a
finite time horizon. To meet such a demand whilaimizing production and inventory costs, it is
necessary to vary the production rate. In redtitg,failure rate increases with time and accoréting
the use of the equipment. It is obvious, when veglpce more, we degrade more the machine.
Moreover, a change in production rate can alsodnetficial to reach production goals when
unpredicted events happen in the system that tisthe original production plan. In the literatute
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consideration of the equipment failure accordintheproduction rate is rarely studied. Among these
works, we can cite Hu et al. [6] who discusseddbreditions of optimality of the hedging point pglic
for production systems in which the failure rater@fchines depends on the production rate. Recently
Hajej et al. [5] dealt with combined production andintenance plans for a manufacturing system
satisfying a random demand over a finite horizartheir model, they assumed that the failure rate
depends on the time and the production rate.
In the same context of Hajej et al, we will study @oblem of a jointly
production/maintenance policy for a manufacturiygtem take into account the return of
products by the customer. In fact our approachistsat a manufacturing system composed
of one machine which produces a single productrderto satisfy a random demand. In
reality, the objective is to establish sequentidltg economical production plan and the
optimal maintenance strategy. That's why, in ortterestablish an optimal maintenance
strategy, we need to take into account the infleesfavithdrawal right on the production plan
and the influence of the economical production (ftars last) on the material failure rate and
the average number of failure.
The paper is organized as follows. Section 2 dessrithe problem and the working
assumptions. Section 3 presents the problem fotronlaln section 4, considering the
influence of the production plan in the manufactgrsystem degradation, we developed an
analytical model for evaluating maintenance anddpetion. In section 5, we presented a
numerical example, in order to apply the analytresults. Finally we conclude in section 6.

MANUFACTURING PROBLEM

We are concerned with the problem of the optimabtpction planning problem formulation
of a manufacturing system composed of macMn&hich produces a single product in order
to meet the random demaddiaw characterized by a Normal distribution facihg system at

a minizmum cost. The Normal mean and the standaritien parameters are respectively
andoy”.

This study treated the manufacturing case whereribg@uction system necessity to satisfy the
random demand with inventory service leglThe step, to obtain an economical production
plan, is taking into account the products returbgdhe customer who are still new and in
stock. In the manufacturing field, the back of feducts to stock, called the withdrawal
right. This right gives the customer a specificdlee for returning products.

The problem is illustrated in Figure.1.

U

‘ Return Product

Fig.1. Problem description

The machinéM is subject to a random failure. The probabilitgidelation law of machini

is described by the probability density functiontiofe to failuref(t)and for which the failure
rate(t) increases with time and according to the produataieu(t). Failures of machiné
can be reduced through preventive maintenance itaesiv Preventive maintenance (PM),
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usually scheduled periodically at certain time rinéds, is a policy aimed at improving the

overall reliability of a system.

Our first objective is to establish an economicabdoiction plan take into account the
withdrawal right and satisfying the randomly dema®dcondly, using the optimal production
plan obtained, we determined the optimal preventhantenance period. The use of the
optimal production plan in maintenance study igifigsl by the influence of the production

rate on the deterioration of the manufacturingesyst

PROBLEM FORMULATION
NOTATION

Cpr : unit production cost

Cs : holding cost of a product unit during the pdrio

f(t) : probability density function of time to failufer the machine
H : the finite production horizon

M, : preventive maintenance action cost

M.: corrective maintenance action cost

mu: monitory unit

Ri(t) : Reliability function

S(k) : The stock level at the end of the perkod

Umax : the maximal production rate

u(k) : The production rate for peridgd

r(k) : The product returned by the customer for pekiod

G : the total expected cost including productiod arventory over a finite horizoH.
{p : the maintenance total cost expected per tinie u

6 : Probabilistic index; related to the customaeisaction

0. The return of product rate

T: The return of product Delay

At : period length

LINEAR STOCHASTIC PROBLEM

The idea is to minimize the expected production laolding costs over a finite time horizon
[0, H]. It's assumed that the horizon is portioned equaltp H periods. The demand is

satisfied at the end of each period. L%t’k:l """" H} represent holding and production costs
(they will be formulated in the next subsectionpdaE{} denotes the mathematical
expectation operator.

The following aggregate sequential stochastic @mgning problem provides an optimal
production plan over the planning horizon:

M in E{gH(SH)-l- ;ng(sk/uk)}

Subject to:
gk+1) =gk)+r(k)+uk)-dk) k=0Q1...H-1 (1)
r(k)=oxd(k-r1) )
Prob[S(k +1)20]=26 k=01...,H -1 (3)
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Osu,=<u,,, k=01..., H-1 (4)

Constraint (1) defines the inventory balance eguator each time period. The relation (2)
defines the product quantity returned by the custorthis quantity is part of the demand
returned by the customer after the specific deadlifthe constraint (2) imposes the service
level requirement for each period as well as a tolaeund on inventory variables so as to
prevent stockouts. Finally, the last constrainirdef an upper bound on the production level
during each perioll cannot exceed a given maximal production tae.

The purpose is to develop and optimize the expgeteduction and holding costs over the
finite time horizonH. As mentioned above, the demand must be satiafi¢ke end of each
period, the problem can be formulated as a stochagtimal control problem under a
threshold inventory level constraint. The systendeias described by a hybrid state with
continuous component, the dynamic of the stock.

The state equation of the stock level is given by:

S(k+1)= Y R+ (R+ ¢ k- d kK kOL... H:

with %0 =% wheres, is the given initial inventory.
The expected cost including production and holdiosts for the periol is given by:

gk[uk,sk)zCSEE{[S(k)Zj}+cpr Eéu(k)zj -
Remark:

The use of quadratic cost that allows penalizini lexcess and shortage of inventory level
Since that the total expected cost including prtidacand inventory over a finitd periods is
expressed by:

6 (1)= % 0, (k) sK) =coxefsr b Se.x fstf}ee, xulky]

o (6)
Remark:

C(U(H)Y* is not included in the cost formulation becausedwor’t consider the production
command at the end of the horizdn

Thus, our problem is defined:

min {Cs x E{(S(H )Zj} + :g;[cs x E{(S(k)z)} +Cop X (U(k)zjﬂ

with
gk+1) =gk)+r(k)+uk)-dk) k=0Q1...H-1
r(k)=oxd(k-r)
Prob[S(k +1)20]26 k=01,...,H -1
O<su,<u,, k=01..., H-1

MAINTENANCE POLICY

We seek to optimize the cost model associated tétpreventive maintenance with minimal
repair policy derived above. We recall that we assthat the failure ratgt) is increasing in
both time and production rate u(t). Since the maelproduction rate is variable over the
horizonH.4t, the degradation will be variable too.

Consequently, the objective here is to take intmant the production rate in determining the
partitions optimal numbeN* of preventive maintenance actions to be carrigd which in
turn means that the preventive maintenance acikestplace af* =H/N* tu(time unit).

Thus, the total maintenance cost oMes given by:
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#(NU)=(N-DxM,+M xx({U,N) ) (7
With
- ¢(N,U)is the maintenance cost related to the productiam. p

- Nis the number of PM actions during the time horikaft.
- x(U,N)the average number of failure

ANALYTICAL STUDY
PRODUCTION POLICY

In this section, we determine a deterministic folatian in order to easier the resolution of
our stochastic problem.

a) Production and holding costs:

We can simplify the expected value of the produrtiioventory costs of eq. (6) as follows:
Lemmal:

= e + Efe o) v, al Jrexer b e n(nal] - @

k=0

Where S (k) represents level of mean principle stock@end of period.
b) The inventory balance equation:
Letting d, =d, , the state balance equation of stock 1jecpn be converted to:

Sk +1) = k) + u(k) + r(k) - d(k)
r(k)=oxd(k-7)

9)

c) The service level constrain:

The transformation of the service level constramta deterministic form is obtained by
specifying certain minimum cumulative productioraqtities that depend on the service level
requirements. This transformation is given by thgtlemma:

Lemma 2:

Profidk+1)20)>6=(U(k)2U,(dk).6) k=01..H-1 (10)
With:
U,() : Minimum cumulative production quantity
U, (s(k),8)=(V,, xV,,,)x¢7 (6) +d(k)-oxd(k-7)-S(k) k=0,1,..,H-1
V,, : Variance of demand at periodk
v, .., - Variance of demand d at perike

¢, : Cumulative Gaussian distribution function with ane [ 1 x&(k)—vix&(k—r)J and

dk-1 d

finite varlance[{l] V( Jj XV“_,EO]

Vd‘k—r Vu

@1 - Inverse distribution function
Proof:

Sk +1)= gk)+ r(k)+ u(k)- d(k)
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Prob(s (k)

+r(k)+u(k)-d(k)z d(
Prob(d(k)-d(k) < 5(k)+r(k)+u(k)-d(k))2

(k) +u

Prob(d(k) ~d(k) - 5xd(k~7) + 5xd(k~7) < S(k) +u(k) ~d(k) + 54k -7)) 2 6

< >4
VXV V. xV

d k-1 d d,k-1

Pm{d“‘)‘&(k)-JX(d(k—r)—&(k—r)) S{k)+u(1)-d(1) +ili-1)

. Ob[ 1 ] o dlkr)=d(k=r) () +u(k)-d()+exd(k—))

X
|4 Vi Vi = Vi Vier

dk-1 d
Avec d(k) : the demand mean at périgde
d(k -7): the demand mean at périodter]
var(d(k))=v,, >0 Variance of demand at periock
var(d(k -7))=V,,, >0 Variance of demand at period K-7)
Note that X :(MJ . is a Gaussian random variable withdamtical distribution as

d(k). |

and Y =(d(k _T\Z_ d(k_’)J . is a Gaussian random variable with an identicsthibution as

d.k-1

d(k-1)

This formulation is equivalent to PrOk(AXX+B><YSC)26’ with o= 1 et
Vd,k—r
B:—i
Vd

X =AxX IS a Gaussian random variable with an identicatrithution as f. =%Xf(%] , with

1

mean Axdk)=

dk-1

2
xdk) and variance xv,, :[ 1 j XV, 20

dk-1

And Y =BxY is a Gaussian random variable with an identicigtribution as

1 i J _ o 1 . 2
f, =2 f[éj, with meanBx d(k -7) = - v d(k-7) and variance, v, :{_Jj W, >0
d

Thus T=x"+y" is a Gaussian random variable with an identicaritlistion as h=f .Of .,
with mean ax d(k)+Bxd(k-7) and variancea’xv,, +B*xV, >0
¢ : is a probability distribution function of”
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W[S(k)+u(k)—fl(k)+5><ﬁ(k—r) L,

Vd,k x Vd,k—r (11)
Since im@ -0 and im®-1 we conclude thatp is strictly increasing. We note thag IS
—00 —00
indefinitely differentiable, so we conclude thatis invertible.
S(k)+u(k)-d(k)+oxd(k-7) - (6)
Vo Vo, =? (12)

u(k)=(v, xv,,_)xg'(6) +d(k) -oxd(k-1) - (K]
Thus
Prob(s(k+1)20)20 = (U(K)>(v, xV,,.)x¢"(6) +d(k)-oxd(k-7)-5(K))  k=01,..,H-1

MAINTENANCE POLICY

Our maintenance policy adopted in the problem e odic preventive maintenance policy
with minimal repair. More precisely, the machindlwiperate over a given horizdd. the
maintenance policy adopted is as follows: theroduction periods is divided equally intb
parts of durationl. Perfect preventive maintenance actions are i®eed periodically at
timesj.T, j=0,1,...N, andN.T=H following which the unit is as good as new. Whearea
failure occurs between preventive maintenance @B&tithe system undergoes a minimal
repair. It is assumed that the repair and replacétmaes are negligible.
It's obvious that the maintenance policy is tightifated to the system degradation. That is
why, the maintenance plan should be optimized densig the production plan previously
established for théd periods of the planning horizon, in order to tak&o account the
influence of the production rate on the failuresrdt).
The analytic expression of the total expected reaigmce cost is as follows, witteH/N,
N{1,2,3...}

#(NU)=(N-DxM, +M xx(U,N)

Each periodk of the horizorH.4t is characterized by its own production rafk) established
from the production plan. The failure rate evoliregach interval according to the production
rate adopted in that interval. It also dependshanfailure rate cumulated at the end of the
previous period. The degradation in the end ofpleod is then accounted for. In fact, the
failure rate in the intervad is expressed as follows:

A= A ot)+ S5 o, ) (13

max

With  7,(0) =/, and & (t) :S(k) 2, (t)

,(t) is the nominal failure rate corresponding to theximal production rate.

We recall that assumed that machine degradatiaesvéinearly according to the production
rate.
We can write the failure rate function as expressdte following:

k-1
A () = 2 +ZJ(|) A (AL) + w Jn(t) with t[0,At] (14)
=1 ~ max

We noticed that the maintenance policy is tigh#ated to the system degradation. That is
why we adopted the production level in order toetakto account the influence of the

max
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production rate on the failure raté). Letting L(T) = J'A t)denotes the average number of

failures incurred over the interval [0}, the average fallure number over the horigbis:

- |n[(j+1)x£)m (j+ﬂxT-|n[(jﬁxT)w {ln[(jjzﬁ]ﬂ}mu[ln{(j-l-A?XTJ+lJ
X(u,T):; [Zj !4(0 dt+ { /].n[(“l)ﬂﬂ(t) dt + (-J)q 5 x A4 ct
(15)
with T=H/N
(In((j+1)metj Inl jx DXAIX/lo(tO)+
/IO(AI)XAI I((J 1)x Nmt) Hu(l)dt N 1 DI(( =l Nm ?u(i)D]n(t)dt+
U T =1
| max (e g o max =i ﬁ) 0
N-1 In((J:‘lﬂ?&xtH]u(l) ) H (j+1)xH
)((U,N):JZ:O Izl Umaxmn(m)E{(JH)xN—ln[Nmt ijt]
(i+1) %In Hl)H aul In M +1
+ [j J { [ Smt J ]Dan(t)dt
(j+1)™
ul In| >~—~—|+1 je1)H
. [ ( N ) j T o (16)
max [(1 1)[NHW) At

NUMERICAL EXAMPLE

In order to illustrate the model developed previpuse consider a company represented by
machine M1 which has to satisfy a stochastic denaasdmed Gaussian over a finite horizon
H=60. The machine M1 has a degradation law charactebhyea Weibull distribution.

(i)  The following data are used for the other paaders:Cpr=3mu, Cs=2mu, Un,=500,0
[0[0,0.5] ,z=1, service leveB=0.95, initial inventory%=0. The variance/; =1.41. The mean

demand is presented in the table 1.

Jan Feb Mar Apr May  Jun Jul Aug Sep Oct Nov Dec

8 8 9 8 8 8 7 6 4 5 7 8

10 8 9 5 6 6 9 9 7 8 7 10

7 5 4 6 7 8 8 8 9 8 8 6

6 9 9 7 6 4 5 7 8 10 7 8

9 10 2 6 8 9 9 9 10 2 3 5
Table 1: Mean demand
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Applying the numerical procedure we obtained thenegl production plan and the optim

maintenance period.
The economical production plan corresponding taptieeious demand fo 6=0.1 and 6=0.3,

is as following tables.

6=0.1
2110 10f{ 10/ 19 7 4 3 4 %
101 9 (10] 6|19 2| 3 9 1p 1P
4 110] 4110 5] 2 20 9 § ¢
7| 7110 5] 7] 2 5 10 1p 4
4 12| 5|10 9/19 3 10 1p 1p
21 2| 8[10] 8] 8] 10 22 4 2
6=0.3
2 [1C 10|14 |66 3| 2| 2| 4
9 |7 102 [9]|2]2] 2| 10 8
2 |7 |2 1012 )2) 2] 6] 6] 7
5 [5 [9 |3 |6]2]3] 10 8] 2
2 |2 [3 ]9 |7]110 2] 6] 8] 9
2 |2 |4 |7 |6]6])9]2] 2] 2

For the maintenance policy, the scale and shapermders of the Weibull distribution &
respectively3=100 and a=2, while M =3000 mu, My=500 mu, andAt=1.

——5=0.1 —68=0.3
100 -

Fig.2. Curves of total cost of maintenance accgrdirN

According to previous figures, we notice the infilae of product returns in terms of optir
preventive maintenance period. Figure 3 show tha tmst of maintenanc@(N), according
to N. The optimal number of partitiolN * Maintenance is:

Foro =0.1:N*=3, ¢*=550.09nL and the optimal period of maintenanice=H/N*=20At

Foro =0.3:N*=2, ¢*= 487.94mi and the optimal period of maintenanite=H/N*= 30At

In the same way as the previous comment about tbduption plan, the period
maintenance has become increasingly important vé value increases. This is logico
grows, so thatlis decreasing, thus the preventive maintenanceractre les
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CONCLUSION

In this paper, we studied a problem of an integrgieoduction/maintenance policy for a
manufacturing system facing a random demand onite thorizon and given a certain service
level. Points of view reliability, a minimal repas practiced at every failure. In order to
reduce the failure frequency, preventive mainteaamctions is scheduled according to the
production rate. The key of this study is to coasithat the failure rate increases with time
and according to the production rate.

Firstly, we formulated and solved a linear-quadratochastic production problem with take
into account the return of product by customer lfdiawal right). Using the HMMS model,
the plan minimizes the production and the inventarst with a variable production rate.
Secondly, we introduced a preventive maintenancaesfy taking into consideration the
influence of the production plan on the manufaciyrsystem deterioration. We used the
economical production plan in the maintenance todat. The objectives are finding out the
partition number of the production horizd#t after which a preventive maintenance is
required.
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